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Abstract
In this paper, a mathematical method is constructed to study two variants of the two-dimensional Boussinesq water equation with
positive and negative exponents. In terms of travelling wave solutions, the partial differential equations are transformed to nonlinear
ordinary differential equations. Exact solutions are then derived for various cases to describe the different physical structures such
as compactons, solitons, solitary patterns and periodic solutions. The exponent of the wave function u and the ratio of the two
coefficients a and b in the Boussinesq equation are shown to qualitatively determine the physical structures of the solutions.
c© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction
In 1872, Boussinesq derived an equation describing the propagation of small amplitude, long waves in shallow
water. This equation posses travelling wave solutions called solitary waves and the author was the first to give a
scientific explanation of their existence. It is due to Boussinesq’s scientific explanation that the study of generalized
Boussinesq water equations has attracted the attention of many mathematicians, physicists and engineers.
The classical Boussinesq water equation can be expressed by
ut t = −αuxxxx + uxx + β(u2)xx , (1)
where u(x, t) is the elevation of the free surface of the fluid, the subscripts denote partial derivatives, and the constant
coefficients α and β depend on the depth of the fluid and the characteristic speed of the long waves. The equation is
used in the analysis of long waves in shallow water. It is also used in the analysis of many other physical applications
such as the percolation of water in the porous subsurface of a horizontal layer of material.
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Various generalizations of the classical Boussinesq water equation have been proposed and studied to probe the
dynamic properties of their solutions [1–4]. Clarkson [1] proposed a general approach for constructing exact solutions
of the Boussinesq equations. Rosenau [2] showed that the vibration of the anharmonic mass-spring chain leads to
a new Boussinesq equation admitting compactons and compact breathers. It was formally shown that the collision
of two compactons results in the creation of low-amplitude compacton and anticompacton pairs. Many significant
achievements that outline the structure of compactons and the collision of two compactons were reported in [5–8] and
the references therein. Fan presented an extended tanh method in [9,10] to obtain various types of exact travelling
wave solutions for a class of nonlinear evolution equations. Kaya [11] obtained the exact and numerical solitary
wave solutions for a generalized modified Boussinesq equation. Elgarayhi and Elhanbaly [12] discussed and analyzed
the exact travelling wave solutions for the two-dimensional KdV–Burgers and Boussinesq equations. Solutions of
semilinear wave equations and K (n, n) equations as well as fourth-order nonlinear evolution equations have also
been studied recently [13–15].
The following (2+ 1)-dimensional Boussinesq water equation
ut t − uxx − u yy − (u2)xx − uxxxx = 0, (2)
was studied in [16]. The author discussed the stability of solitary waves of Eq. (2), and found that pulse-like solutions
to the above Boussinesq water equation are stable to linear perturbations.
More recently, Wazwaz [17] studied two variants of the (2 + 1)-dimensional Boussinesq equations including the
Boussinesq-type equations with positive exponents given by
ut t − uxx − u yy − a(u2n)xx − b[un(un)xx ]xx = 0, n > 1, (3)
and the Boussinesq-type equations with negative exponents given by
ut t − uxx − u yy − a(u−2n)xx − b[u−n(u−n)xx ]xx = 0, n > 1, (4)
where a, b 6= 0 are constants.
By using the Sine–Cosine ansatz method, Wazwaz [17] obtained, from Eqs. (3) and (4), several exact solutions
with different physical structures such as compactons, solitons, solitary patterns and periodic solutions.
In this paper, by developing a mathematical technique different from those in [5,6,9–12,16,17], we further examine
Eqs. (3) and (4). As a result, a new set of exact travelling wave solutions has been obtained, which is more
comprehensive and includes Wazwaz’s results [17] as special cases. Similar to Wazwaz’s results [17], our results
also show that the exact travelling wave solutions display different physical structures such as compactons, solitons,
solitary patterns and periodic solutions, depending on the ratio ab and the exponent n.
2. The Boussinesq water equation with positive exponents
In this section, we seek formal travelling wave solutions for Eq. (3), namely
u(x, y, t) = u(ξ),
where the wave variable ξ takes the form ξ = µx + ηy − ct with constants µ 6= 0, η 6= 0 and c 6= 0. Making use of
the wave variable ξ = µx + ηy − ct , we transform Eq. (3) into the following ordinary differential equation
(c2 − µ2 − η2)uξξ − aµ2(u2n)ξξ − bµ4[un(un)ξξ ]ξξ = 0. (5)
Integrating Eq. (5) twice and setting the constants of integration to be zero, we get
(c2 − µ2 − η2)u − aµ2u2n − bµ4un(un)ξξ = 0. (6)
In the following, we discuss the solution of Eq. (6) for the cases c2−µ2−η2 = 0 and c2−µ2−η2 6= 0, respectively.
2.1. The case c2 − µ2 − η2 = 0
Firstly, we introduce the following formulas which will be used throughout the rest of this paper
sinh x = 1
i
sin ix, sin x = 1
i
sinh ix, cosh x = cos ix, cos x = cosh ix,
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where i = √−1.
When c2 − µ2 − η2 = 0, the nonlinear ODE (6) becomes
aµ2u2n + bµ4un(un)ξξ = 0. (7)
If ab < 0, by solving Eq. (7), we get
un = k1 exp
(
1
µ
√
−a
b
ξ
)
+ k2 exp
[
− 1
µ
(√
−a
b
ξ
)]
= (k1 − k2) sinh
(
1
µ
√
−a
b
ξ
)
+ (k1 + k2) cosh
(
1
µ
√
−a
b
ξ
)
, (8)
where k1 and k2 are arbitrary constants. Thus we obtain the solution as follows
u(x, y, t) =
{
(k1 − k2) sinh
(
1
µ
√
−a
b
ξ
)
+ (k1 + k2) cosh
(
1
µ
√
−a
b
ξ
)} 1
n
. (9)
If ab > 0, by solving (7), we have
un = k3 cos
(
1
µ
√
a
b
ξ
)
+ k4 sin
(
1
µ
√
a
b
ξ
)
= (k23 + k24)
1
2 sin
(
1
µ
√
a
b
ξ + φ
)
, (10)
where k3 and k4 are arbitrary constants, and φ is given by
sinφ = k3(k23 + k24)−
1
2 , cosφ = k4(k23 + k24)−
1
2 .
Therefore,
u(x, y, t) =
{
(k23 + k24)
1
2 sin
(
1
µ
√
a
b
(µx + ηy − ct)+ φ
)} 1
n
. (11)
Remark 1. The solutions of Eqs. (3) and (4) for the case c2 − µ2 − η2 = 0 were not established by the Sine–Cosine
ansatz technique in [17].
2.2. The case c2 − µ2 − η2 6= 0
Firstly, we consider the solution of the equation(
dW
dz
)2
= a0 − b0W 2, (12)
where a0 6= 0 and b0 6= 0 are constants. When b0 > 0, Eq. (12) admits two solutions
W = ±
√
a0
b0
sin
[√
b0(z + A)
]
, W = ±
√
a0
b0
cos
[√
b0(z + A)
]
. (13)
where A is an arbitrary constant.
When b0 < 0, noticing that cosh2 z − sinh2 z = 1, we know that Eq. (12) has two solutions of the form
W = ±
√
−a0
b0
sinh
[√−b0(z + A)] , W = ±i√−a0b0 cosh
[√−b0(z + A)] , (14)
where i = √−1.
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Remark 2. Here we point out that we solve Eq. (12) in the complex plane and note that formulas (13) and (14) include
all the analytical solutions of Eq. (12). In the following discussions, we let A = 0 in formulas (13) and (14) and the
forthcoming analytical expressions of travelling wave solutions.
Let
dun
dξ
= Z , d
2un
dξ2
= Z dZ
dun
. (15)
Substituting (15) into (6) leads to the following equation
bµ4ZdZ = n[(c2 − µ2 − η2)− aµ2u2n−1]du. (16)
Integrating (16) once and setting the constants of integration to zero, we find
µ4Z2 = 2n(c
2 − µ2 − η2)u
b
− aµ
2
b
u2n . (17)
Using nu
n−1du
dξ = Z yields[
2nµ2du
2n−1
2
(2n − 1)dξ
]2
= 2n(c
2 − µ2 − η2)
b
− aµ
2
b
u2n−1. (18)
Setting V = u 2n−12 , we have(
dV
dξ
)2
=
(
2n − 1
2nµ2
)2 (2n(c2 − µ2 − η2)
b
− aµ
2
b
V 2
)
. (19)
If ab > 0, it follows from (13) and (19) that
u(x, y, t) =
{
2n(c2 − µ2 − η2)
aµ2
sin2
[
2n − 1
2nµ
√
a
b
(µx + ηy − ct)
]} 1
2n−1
, (20)
and
u(x, y, t) =
{
2n(c2 − µ2 − η2)
aµ2
cos2
[
2n − 1
2nµ
√
a
b
(µx + ηy − ct)
]} 1
2n−1
. (21)
If ab < 0, it follows from (14) and (19) that
u(x, y, t) =
{−2n(c2 − µ2 − η2)
aµ2
sinh2
[
2n − 1
2nµ
√
−a
b
(µx + ηy − ct)
]} 1
2n−1
, (22)
and
u(x, y, t) =
{
2n(c2 − µ2 − η2)
aµ2
cosh2
[
2n − 1
2nµ
√
−a
b
(µx + ηy − ct)
]} 1
2n−1
. (23)
Thus when ab > 0, from (20) and (21), we have the following compacton solutions
u(x, y, t) =
{
2n(c2 − µ2 − η2)
aµ2
cos2
[
2n − 1
2nµ
√
a
b
(µx + ηy − ct)
]} 1
2n−1
,
|ξ | < n|µ|pi
(2n − 1)
√
a
b
,
a
b
> 0,
u(x, y, t) = 0, otherwise,
(24)
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and 
u(x, y, t) =
{
2n(c2 − µ2 − η2)
aµ2
sin2
[
2n − 1
2nµ
√
a
b
(µx + ηy − ct)
]} 1
2n−1
,
|ξ | < 2n|µ|pi
(2n − 1)
√
a
b
,
a
b
> 0,
u(x, y, t) = 0, otherwise.
(25)
For ab < 0, we find that the solitary pattern solutions exist if η = c, and have the form
u(x, y, t) =
{−2n
a
cosh2
[
2n − 1
2nµ
√
−a
b
(µx + ηy − ct)
]} 1
2n−1
, (26)
and
u(x, y, t) =
{
2n
a
sinh2
[
2n − 1
2nµ
√
−a
b
(µx + ηy − ct)
]} 1
2n−1
. (27)
Remark 3. Letting µ = 2n−12n
√
a
b in (20) and (21) and noting that
2n−1
2nµ
√
a
b = 1, we have
u(x, y, t) =
{
2n[4bn2(c2 − η2)− a(2n − 1)2]
a2(2n − 1)2 cos
2
[
2n − 1
2n
√
a
b
x + ηy − ct
]} 1
2n−1
(28)
or
u(x, y, t) =
{
2n[4bn2(c2 − η2)− a(2n − 1)2]
a2(2n − 1)2 sin
2
[
2n − 1
2n
√
a
b
x + ηy − ct
]} 1
2n−1
. (29)
Solutions (28) and (29) are the main results established for Eq. (3) inWazwaz [17], which are special cases of formulas
(20) and (21).
3. The Boussinesq equation with negative exponents
In fact, Eqs. (3) and (4) have the symmetric property about number n. Substituting n by (−n) in Eq. (3) and the
corresponding travelling wave solutions obtained in Section 2, we have the following solutions for Eq. (4).
Case 1. If c2 − µ2 − η2 = 0 and ab < 0, the solution takes the form
u(x, y, t) =
 1(l1 − l2) sinh ( 1µ√− ab ξ)+ (l1 + l2) cosh ( 1µ√− ab ξ)

1
n
, (30)
where l1 and l2 are arbitrary constants. Choosing l1 = ±l2, we get the following soliton solutions
u(x, y, t) =
{
1
2l1
sech
(
1
µ
√
−a
b
(µx + ηy − ct)
)} 1
n
, (31)
or
u(x, y, t) =
{
1
2l1
csch
(
1
µ
√
−a
b
(µx + ηy − ct)
)} 1
n
. (32)
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Case 2. If c2 − µ2 − η2 = 0 and ab > 0, we obtain the periodic solutions
u(x, y, t) =
 1(l23 + l24) 12 sin [ 1µ√ ab (µx + ηy − ct)+ φ]

1
n
, (33)
where l3 and l4 are arbitrary constants, k23 + l24 6= 0, and φ is given by
sinφ = l3(k23 + l24)−
1
2 , cosφ = l4(k23 + l24)−
1
2 .
Case 3. If c2 − µ2 − η2 6= 0 and ab > 0, the solutions have the form
u(x, y, t) =
{ −aµ2
2n(c2 − µ2 − η2) csc
2
[
2n + 1
2nµ
√
a
b
(µx + ηy − ct)
]} 1
2n+1
, (34)
and
u(x, y, t) =
{ −aµ2
2n(c2 − µ2 − η2) sec
2
[
2n + 1
2nµ
√
a
b
(µx + ηy − ct)
]} 1
2n+1
. (35)
Case 4. If c2 − µ2 − η2 6= 0 and ab < 0, we have
u(x, y, t) =
{
aµ2
2n(c2 − µ2 − η2)csch
2
[
2n + 1
2nµ
√
−a
b
(µx + ηy − ct)
]} 1
2n+1
, (36)
and
u(x, y, t) =
{ −aµ2
2n(c2 − µ2 − η2) sech
2
[
2n + 1
2nµ
√
−a
b
(µx + ηy − ct)
]} 1
2n+1
. (37)
When ab > 0, from (34) and (35), we obtain the periodic solutions
u(x, y, t) =
{ −aµ2
2n(c2 − µ2 − η2) csc
2
[
2n + 1
2nµ
√
a
b
(µx + ηy − ct)
]} 1
2n+1
, (38)
for 0 < ξ < 2npi |µ|2n+1
√
b
a , and
u(x, y, t) =
{ −aµ2
2n(c2 − µ2 − η2) sec
2
[
2n + 1
2nµ
√
a
b
(µx + ηy − ct)
]} 1
2n+1
, (39)
for |ξ | < npi |µ|2n+1
√
b
a .
When ab < 0, we find that the soliton solutions are generated if η = c, and have the form
u(x, y, t) =
{
− a
2n
csch2
[
2n + 1
2nµ
√
−a
b
(µx + ηy − ct)
]} 1
2n+1
, (40)
and
u(x, y, t) =
{
a
2n
sech2
[
2n + 1
2nµ
√
−a
b
(µx + ηy − ct)
]} 1
2n+1
. (41)
Remark 4. Letting µ = 2n+12n
√
a
b , from formulas (34)–(37), we obtain the main results established in [17] for Eq. (4).
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4. Conclusion
The technique used in this paper for solving nonlinear ordinary differential equations is a powerful tool in deriving
analytical expressions of the travelling wave solutions for the (2+ 1)-dimensional Boussinesq equations with positive
and negative exponents. It is shown that the travelling wave solutions obtained include compactons, solitary patterns,
periodic solutions, or solitons under some circumstances. The change in sign of the exponents and the change of the
ratio ab may lead to qualitative changes in the resulting physical structures of the corresponding solutions.
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